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2025
1. If a subspace 𝑊 of R4 is generated by the vectors (3, 8,−3,−5), (1,−2, 5,−3) and (2, 3, 1,−4),

then find a basis and dimension of𝑊 . Extend that basis to get a basis of R4.
[8 Marks]

2. Find a row echelon matrix which is row equivalent to

𝐴 =


0 0 −2 3 1
2 4 1 4 3
1 2 −3 1 2
4 8 2 3 5


and find the rank of 𝐴.

[8 Marks]

3. For the companion matrix 𝐶

𝐶 =



0 1 0 · · · 0
0 0 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1
−𝑎0 −𝑎1 −𝑎2 · · · −𝑎𝑛−1


of an 𝑛th degree polynomial

𝜙(𝜆) = 𝜆𝑛 + 𝑎𝑛−1𝜆
𝑛−1 + · · · + 𝑎1𝜆 + 𝑎0,

prove that
(i) the characteristic polynomial is 𝜙(𝜆),
(ii) if 𝜆𝑖 is an eigenvalue of 𝐶, then 𝑥𝑖 = [1 𝜆𝑖 𝜆2

𝑖 · · · 𝜆𝑛−1
𝑖 ]𝑇 is the associated eigenvector,

(iii) if 𝜆1, 𝜆2, . . . , 𝜆𝑛 are distinct eigenvalues of 𝐶, then

𝑉−1𝐶𝑉 = diag(𝜆1, 𝜆2, . . . , 𝜆𝑛), where 𝑉 =


1 1 · · · 1
𝜆1 𝜆2 · · · 𝜆𝑛
...

...
. . .

...

𝜆𝑛−1
1 𝜆𝑛−1

2 · · · 𝜆𝑛−1
𝑛


.

[10 Marks]

4. Diagonalize the quadratic form

5𝑥2
1 + 26𝑥2

2 + 10𝑥2
3 + 4𝑥2𝑥3 + 14𝑥3𝑥1 + 6𝑥1𝑥2.

Show that it is positive semi-definite and find a non-zero set of values of 𝑥1, 𝑥2, 𝑥3 which makes the
diagonalized form zero.

[8 Marks]

5. If𝑊 is a subspace of a finite dimensional vector space𝑉 (𝐹), then prove that𝑊 is finite dimensional
and dim𝑊 ≤ dim𝑉 . Also, prove that dim𝑊 = dim𝑉 if and only if𝑊 = 𝑉 .

[7 Marks]

6. For the linear operator 𝑇 : R3 → R3 defined by 𝑇 (𝑥, 𝑦, 𝑧) = (𝑥 + 𝑦 + 𝑧, 2𝑦 + 𝑧, 2𝑦 + 3𝑧), find the
eigenvalues and the basis for eigenspace.

[8 Marks]

7. Prove that the necessary and sufficient condition for a linear transformation 𝑦 = 𝐴𝑥 to preserve
lengths is that the matrix 𝐴 is orthogonal.

[7 Marks]
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8. Let 𝑉 = R4. Find a basis and dimension of the subspace

𝑊 = {(𝑎, 𝑏, 𝑐, 𝑑) ∈ 𝑉 : 𝑎 = 𝑏 + 𝑐, 𝑐 = 𝑏 + 𝑑}.

[8 Marks]

9. Describe explicitly a linear transformation from R3 to R3, which has its range spanned by (1, 0,−1)
and (1, 2, 2).

[8 Marks]

10. Let
𝑊1 =

{[
𝑥 𝑦

𝑧 0

]
: 𝑥, 𝑦, 𝑧 ∈ C

}
, 𝑊2 =

{[
𝑥 0
0 𝑦

]
: 𝑥, 𝑦 ∈ C

}
be two subspaces of the vector space of all 2 × 2 matrices over the complex field C. Show that

dim
(
𝑊1 +𝑊2

𝑊2

)
= dim

(
𝑊1

𝑊1 ∩𝑊2

)
.

[10 Marks]

11. Reduce the matrix

𝐴 =


2 2 −1 6 4
4 4 1 10 13
8 8 −1 26 23


to echelon form and then to row canonical form.

[15 Marks]

12. Let 𝑇 : R3 → R3 be defined by 𝑇 (𝑥, 𝑦, 𝑧) = (5𝑥 − 𝑦 + 3𝑧, −6𝑥 + 4𝑦 − 6𝑧, −6𝑥 + 2𝑦 − 4𝑧). Find all
the eigenvalues and corresponding eigenvectors.

[15 Marks]

2023
13. Let 𝑉 be a vector space of the dimension 𝑛 over a field 𝐹. Then show that 𝑉 is isomorphic to 𝐹𝑛. [8 Marks]

14. Let 𝑇 : R3 → R3 be a linear map defined by 𝑇 (𝑥, 𝑦, 𝑧) = (𝑥, 𝑧,−2𝑦 − 𝑧) and let 𝑓 (𝑢) = −𝑢3 + 2.
Then find 𝑓 (𝑇).

[8 Marks]

15. If 𝑆1 = {(𝑥, 𝑦, 𝑧) | 𝑥 + 2𝑦 + 𝑧 = 0} and 𝑆2 = {(𝑥, 𝑦, 𝑧) | 𝑥 + 𝑦 − 𝑧 = 0} are subspaces of R3,
then (i) find a basis of 𝑆1 ∩ 𝑆2, (ii) determine dim(𝑆1 + 𝑆2), and (iii) describe 𝑆1 ∩ 𝑆2 and 𝑆1 + 𝑆2
geometrically.

[10 Marks]

16. Let 𝑇 : R3 → R3 be a linear transformation defined by 𝑇 (𝑥, 𝑦, 𝑧) = (2𝑥, 4𝑥 − 𝑦, 2𝑥 + 3𝑦 − 𝑧). Prove
that 𝑇 is invertible and find 𝑇−1.

[15 Marks]

17. Show that the matrix

𝐴 =


7 −6 6
2 0 4
1 −2 6


is diagonalizable and find a spectral decomposition of the matrix 𝐴.

[15 Marks]

2022
18. Let𝑈 and𝑊 be subspaces of a vector space 𝑉 and 𝑥, 𝑦 ∈ 𝑉 . Then prove that 𝑥 +𝑈 ⊆ 𝑦 +𝑊 if and

only if𝑈 ⊆ 𝑊 and 𝑥 − 𝑦 ∈ 𝑊 .
[8 Marks]

19. Let 𝑣1 = (1, 1,−1), 𝑣2 = (4, 1, 1), 𝑣3 = (1,−1, 2) be a basis of R3 and let 𝑇 : R3 → R2 be the
linear transformation such that 𝑇𝑣1 = (1, 0), 𝑇𝑣2 = (0, 1) and 𝑇𝑣3 = (1, 1). Describe the linear
transformation 𝑇 .

[8 Marks]
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20. Are the matrices
𝐴 =

[
2 4
0 4

]
and 𝐵 =

[
3 1
1 3

]
similar? Justify your answer.

[10 Marks]

21. Reduce the following quadratic form over the real field R to orthogonal form:

𝑞(𝑥, 𝑦, 𝑧) = 𝑥2 + 5𝑦2 − 4𝑧2 + 2𝑥𝑦 − 4𝑥𝑧.

[10 Marks]

22. Let 𝑉 be the complex vector space of 3 × 3 skew-symmetric matrices with complex entries, i.e.

𝑉 = {𝐴 ∈ 𝑀3×3(C) | 𝐴𝑡 = −𝐴}.

Let

𝐵 =


0 1 0
−1 0 0
0 0 0

 .
Define a linear transformation 𝑇 : 𝑉 → 𝑉 by 𝑇 (𝐴) = 𝐵𝐴 − 𝐴𝐵. Find the eigenvalues and eigen-
vectors of 𝑇 .

[15 Marks]

2021
23. Consider the following quadratic form:

𝑞(𝑥, 𝑦, 𝑧) = 2𝑥2 + 2𝑦2 + 6𝑧2 + 2𝑥𝑦 − 6𝑦𝑧 − 6𝑧𝑥,

where (𝑥, 𝑦, 𝑧) are the coordinates of the vector 𝑋 with respect to the standard basis
{(1, 0, 0), (0, 1, 0), (0, 0, 1)} of R3. Find the expression of 𝑞(𝑥, 𝑦, 𝑧) with respect to the basis

𝐵 =

{(
1
√

6
,

1
√

6
,
−2
√

6

)
,

(
1
√

2
,
−1
√

2
, 0
)
,

(
1
√

3
,

1
√

3
,

1
√

3

)}
.

Is 𝑞 positive definite? Justify your answer.

[8 Marks]

24. Prove that the product of two Hermitian matrices 𝐴, 𝐵 is Hermitian if and only if 𝐴 and 𝐵 commute.
Give an example of a pair of 3 × 3 symmetric matrices such that their product is again symmetric
(do not consider only diagonal matrices) and also check whether they commute or not.

[8 Marks]

25. Express the polynomial 𝑓 (𝑥) = 𝑥2 + 4𝑥 − 3 over R as a linear combination of polynomials 𝑒1 =
𝑥2 − 2𝑥 + 5, 𝑒2 = 2𝑥2 − 3𝑥, 𝑒3 = 𝑥 + 3. Also, show that the set {𝑒1, 𝑒2, 𝑒3} forms a basis of all
quadratic polynomials over R.

[10 Marks]

26. Given the matrix

𝐴 =


−1 2 −2
1 2 1
−1 −1 0

 ,
find a similarity transformation that diagonalises the matrix 𝐴.

[15 Marks]

27. Using the Cayley-Hamilton theorem, find the inverse of the matrix

𝐴 =


2 −1 3
1 0 −2
4 2 1

 .
[15 Marks]
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